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Abstra ct: Particle theorists build gaugetheoriesaround an action with a symmetry
group. The gauge �eld of the action is similar to the connection coe�cien t in the
Riemannian covariant derivative. The �eld strength tensor is similar to the curvature
tensor. Inspired by theseparallels with Riemannian geometry, we proposea di�eren t
construction. Instead of de�ning a gaugetheory by a group, we de�ne a gaugetheory
by a vector bundle with �b er F = R n or F = Cn . Matter �elds are Lorentz-invariant
n-vectors on the vector-space�b er. We set up orthonormal gaugebasisvectors that
span the vector bundle. By expressinggauge-covariant �elds in terms of orthonormal
gaugebasisvectors,weobtain an SO(n) or U(n) gauge-covariant derivative. All matter
�elds on a particular �b er couple with the samecoupling constant. Even the matter
�elds on a C1 �b er, which havea U(1) symmetry group, couplewith the samechargeof
� q. In this geometricalgaugetheory, the multiple standard-model U(1) hypercharges
require unnatural constraints among the curvatures of independent vector bundles.
Theseconstraints are naturally supplied by theorieswith grand uni�cation. Because
our action is independent of the choiceof basis,its natural invariancegroup is GL(n; R)
or GL(n; C).
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1. Gauge Theory

Particle theorists have developed a traditional way to construct a gaugetheory. They
de�ne a continuouslocal symmetry groupG anda transformation rule � 0(x) = g(x)� (x)
for every multiplet � (x) of matter �elds, whereg(x) is somerepresentation of G. They
maintain the gaugeinvariance of the matter-�eld derivative by introducing a gauge
�eld A � and a gauge-�eld transformation rule

A0
� = gA � g� 1 + (i=q) g@� g� 1 (1.1)

that cancelsthe extra term appearing in the derivative @� (g � ). In the action they
include every Lorentz-invariant, gauge-invariant, renormalizableinteraction.

The traditional gauge-theoryLagrangianhasmany parallels with Riemanniange-
ometry [1, 2, 3]. The matter-�eld derivatives appear together with the gauge�elds,
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D � � = (@� � iqA � )� , in a structure that resemblesthe covariant derivativesof Rieman-
nian geometryr � . The �eld-strength tensorF�� , which is constructedto maintain the
gaugeinvarianceof Tr(F�� F �� ), is the commutator of two covariant derivatives

� i F��
a
b�

b = ([D � ; D � ]� )a (1.2)

as is the curvature tensor of Riemanniangeometry

R �
�� � V � = ([r � ; r � ]V)� : (1.3)

A natural description of nature should treat the four known forces with some
degreeof symmetry. General relativit y is basedupon Riemannian geometry. What
changesoccur if a gaugetheory is drawn from Riemanniangeometryrather than de�ned
by gauge invariance? We o�er some conclusionsin what follows. In section 2 we
review chargequantization in traditional gaugetheory. Section3 is about Riemannian
geometry. In section4 we describe a gaugetheory inspired by Riemannian geometry.
Section6 discusseschargequantization and symmetry groupsin this geometricalgauge
theory. Section7 summarizesour conclusions.

2. Charge Quan tization

Traditional gaugetheories,as described above, naturally quantize the chargesof non-
abelian gaugegroupsbut not thoseof abelian groups.

In the abelian case,each �eld � i canbede�ned with a transformation law speci�c to
its own coupling constant qi . The abelian �eld-strength tensor(1.2) is a linear function
of the coupling constant, F (q1 + q2; A) = F (q1; A) + F (q2; A), and of the gauge�elds,
F (q; A1 + A2) = F (q; A1) + F (q; A2). The �eld-strength term � F�� F �� in the action
canbe multiplied by any constant � . Becauseof the �eld-strength tensor'slinearity and
the arbitrariness of � , the covariant derivative of any �eld � i can be usedin Eq.(1.2)
to de�ne F�� . The �eld strength tensor is strictly gaugeinvariant regardlessof which
coupling constant onechoosesin the gauge-�eld transformation rule (1.1).

In contrast, a non-abelian gaugegroup only allows onecoupling constant q for all
non-trivially transforming �elds. The non-abelian �eld-strength tensor is not linear in
the coupling constant, nor is it linear in the gauge�eld. If di�eren t �elds had di�eren t
coupling constants, then one would have to choosewhich coupling constant to use in
the gauge-�eld transformation rule (1.1) of the gauge�elds in the �eld-strength tensor.
Also, onewould needto transform the gauge�elds in the �eld-strength tensordi�eren tly
from the gauge�elds in the covariant derivativesof the matter �elds. This di�erence
would violate gaugeinvariance. So all �elds transforming under a non-abelian gauge
group must have the samecoupling constant.
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The couplingconstant is di�eren t from the charge. In the non-abelian case,onewill
have di�eren t chargesfor matter-�eld multiplets proportional to di�eren t eigenvectors
of the group generators. Simple groups will have quantized charges. In contrast, an
abelian grouphasa continuum of eigenvalues,and the matter �elds may beproportional
to any corresponding eigenvector. In the abelian case,no mathematical di�erence
distinguishes�elds coupling with di�eren t coupling constants from �elds coupling with
the samecoupling constant but with di�eren t charges.

As far as we know, matter �elds with an abelian gaugegroup have chargesthat
are integral multiples of qe=3 where qe is the free-spacecharge of the electron. The
electric-charge quantization problem is the con
ict between these quantized electric
chargesand the unconstrainedcontinuum of allowable electric charges.

Several physicistshave o�ered explanationsfor the quantization of electric charge.
Dirac [4] in 1931showed that if magneticmonopolesexist, they would quantize electric
charge. Georgi and Glashow [5] and Pati and Salam [6] explained the chargesof the
fermionsby associating the photon with a tracelessgeneratorof an SU(n) uni�cation
group. Others [7, 8, 9, 10, 11, 12] have exploited anomaly cancellation.

3. Riemannian Geometry

In Riemannian geometry [13, 14], a projection � : E ! M from a total spaceE to a
real, d-dimensionalbasemanifold M givesrise to a �b er bundle that is the collectionof
vector spaces� � 1(x) = R d for every space-timepoint x 2 M . Becausethe �b er � � 1(x)
is a vector space,the �b er bundle is alsoa vector bundle.

The �b er � � 1(x) becomesa tangent spaceat the point p whenoneidenti�es direc-
tions and lengths on the �b er with directions and lengths on the basemanifold. Since
the tangent �b er is a 
at tangent plane, only one set of basisvectors t � (x) at a �xed
origin O 2 � � 1(x) is neededto fully de�ne coordinates on the tangent space.

A vector �eld V is a tangent-spacevector that varies smoothly with the point p
in M . In a particular basist, the vector �eld is given by V = V � t � where the Greek
indices run through the dimensionality of the manifold. The functions V � are real-
valued coe�cien ts (i.e., not vectors)of the basisvectorst � . A commonchoicefor t � is
the coordinate tangent vectors,t � = @� .

In addition to basis vectors, we need dual basis vectors and an inner product.
The dual basis vector t � is de�ned as the linear operator on the basis vectors that
returns the Kronecker delta: t � (t � ) = � �

� . The dual basis vectors combine with the
basisvectors to form a projection operator P = t � t � which projects vectors onto the
tangent space.For a vectorV in the tangent space,the projection operator givessimply,
P(V) = t � t � (V � t � ) = t � V � � �

� = t � V � = V. The inner product hV; Wi measuresthe
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length or the point-wise overlap of two vector �elds; the inner product of two tangent
vectors is the metric, g�� = ht � ; t � i . In a particular basis, the inner product of two
vectors is hV; Wi = hV � t � ; W � t � i = V � W � ht � ; t � i = V � W � g�� .

The covariant derivative of a vector �eld V in the direction t � is the projection
onto the tangent spaceof the derivative of the vector �eld V in the direction t � :

r � (V) � P(@� (V � t � )) � t � (� �
� @� + � �

� � )V � (3.1)

r � (V) = P(t � @� V � + V � @� t � ) = t �

�
� �

� @� + t � (@� t � )
�

V � : (3.2)

The Christo�el symbols are
� �

� � � t � (@� t � ): (3.3)

This derivative of basisvectors involvesa comparisonof vectorsat neighboring points
on the manifold; it may be computed indirectly through derivatives of the metric,
� �

� � = 1
2g�� (@� g�� + @� g� � � @� g� � ).

Another way to comparebasisvectorsat di�eren t points is to embed the manifold
M in a Euclidean(or Lorentzian) space ~M of higher dimension,X : M ! ~M . Vectors
in ~M are comparedby meansof ordinary parallel transport. Nash [15] proved that an
isometric embedding X is possiblewith ~M = R D as long as D � d(3d + 11)=2. The
explicit tangent vectorsare found by coordinate derivativeson the coordinates of the
embedding function ~t j

� = @
@x � X j (x) yielding a d � D-dimensionalrectangular matrix.

The metric on M is given by the inner product of two basisvectors ht � ; t � i = g�� =
� ij ~t i

�
~t j
� . This explicit embeddingaids understandingand visualization.

In Riemanniangeometry, tangent-spacebasisvectorscan completely describe the
intrinsic propertiesof the manifold such asthe connection,the metric, andthe curvature
tensors. They can also describe quantities that are not inherent to the manifold, such
as the vector �elds.

4. Riemannian Gauge Theory

We start from a �b er that is the vector spaceassociated with the properties of a par-
ticular matter �eld, rather than from a gaugegroup and a symmetry transformation as
in traditional gaugetheory. Starting from this vector bundle, natural SO(n) and U(n)
gaugegroupsfollow from the universalconnectionof NarasimhanandRamanan[16, 17].
With an additional constraint, so do SU(n) gaugetheories.

Atiy ah [18]; Dubois-Violette and Georgelin[19]; Corrigan Fairlie, Templeton, and
Goddard [20]; Cahill and Raghavan [21] all have used the Riemannian gaugetheory
described in this section to represent traditional gaugetheory, as more recently have
others [22, 23]. Instead of describing a traditional gaugetheory with a geometrical
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model, we build a new gaugetheory beginning with a geometrical description that
closely parallels Riemannian geometry. Our approach distinguishes itself in several
ways from traditional gaugetheory.

Our Riemannian gaugetheory beginswith a vector bundle given by a projection
� G : EG ! M from a total spaceEG to a space-timebasemanifold M . The gauge
vectorbundle is the collectionof vectorspaces� � 1

G (x) = F jx for every point x 2 M . The
fundamental matter �eld determinesthe choiceof the vector spaceF jx . For example,
if � is a real, n-dimensionalmatter-�eld multiplet, then the �b er is F jx = R n ; and if
� is a complex,n-dimensional�eld, then the �b er is F jx = Cn . We shall refer to the
vector spaceF jx as the �ber or the gauge�ber in what follows.

The geometryof the gaugevector bundle di�ers from the tangent bundle because
directionsor lengthson the �b er F jx arenot identi�ed with directionsor lengthson the
basemanifold. Like the tangent �b er, the gauge�b er is a 
at plane, and so only one
basis-vector set ea(x) at a �xed origin O 2 F jx is neededto fully de�ne its coordinates.

As in Riemannian geometry, a matter �eld � (x) 2 Fp varies smoothly with the
point x 2 M . In terms of a local basis ea(x) on F jx , the matter �eld is given by
� (x) = � a(x)ea(x) wherethe Latin indicesrun through the dimensionality of the gauge
�b er. The component � a(x) of the matter �eld � (x) is a coe�cien t of a basisvector
ea(x) and is not itself a vector. The complexconjugateof the component � a is denoted
� �a � � a, similarly e�a � ea. The components � �a are the coe�cien ts of the complex-
conjugatebasisvectors,as in � = � �ae�a.

In addition to basisvectors,we needdual basisvectorsand an inner product. Like
the dual basisvectors of Riemannian geometry, the dual basisvector ea is de�ned as
the linear operator on the basisvectorsthat returns the Kronecker delta: ea(eb) = � a

b.
The dual basisvectors combine with the basis vectors to form a projection operator
P = eaea which projects vectorsonto the gauge�b er. For a matter �eld � in the gauge
�b er, the projection operator gives simply, P(� ) = eaea(� cec) = ea� c� a

c = ec� c = � .
A complex vector spacealso has dual vectors for the complex conjugate of the basis
vectorse�a(e�b) = � �a

�b . By de�nition [14, p. 275],onehase�a(eb) = 0 and ea(e�b) = 0.

We usethe notation h�;  i to denotethe inner product of two matter vector �elds,
� and  . In quantum mechanics inner products are used to compute lengths and
probabilit y amplitudes. The inner product of the basisvectors of the �b er F jx is the
gauge-�ber metric g�ab = hea; ebi , which is distinguished by its Latin indices from the
metric g�� of the basemanifold M . The inner product of two complexmatter vectorsis
h�;  i = h� aea;  bebi = � �a bg�ab. This inner product usesa hermitian metric, g�ab = g�ba,
which by de�nition alsosatis�es g�a�b = gab = 0. The gauge-�ber metric is de�ned sothat
g�ab = gb�a and g�ab = ga�b. The quantit y ga�b is the inverseof the �b er metric, ga�bg�bc = � a

c .
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The �b er metric and its inversecan raiseand lower indices:

� �a = g�ab� b � �a = g�ab� b: (4.1)

Becausegab = 0, we cannot get � a by using gab to raise an index. Instead we write
� a = ga�b� �b.

Like the covariant derivative in Riemanniangeometry, the gauge-covariant deriva-
tiv e of a matter multiplet � in the direction t � is the projection onto the gauge�b er of
the derivative of the matter multiplet � in the direction t � :

D � (� ) � P(@� (ea� a)) � ea (� a
b@� � i (A � )a

b) � b (4.2)

D � (� ) = P(ea@� � a + � a@� ea) = ea (� a
b@� + ea(@� eb)) � b: (4.3)

The gauge�eld is
(A � )a

b = iea(@� eb): (4.4)

This derivative of basis vectors raises the question of how to compare them at
neighboring points on the manifold. The traditional approach [24, p. 7] is to take
the matter �elds and the gauge�elds as the fundamental objects of the theory with
(A � )a

b = (T c)a
bA

c
� (x), wherethe T c are the generatorsof the gaugegroup.

An alternative way to comparebasis vectors at di�eren t points of the manifold
is to embed the gauge�b er F in a trivial, real or complex Euclidean vector bundle
M � ~F with a �b er ~F of higher dimension: F ! ~F . In the spirit of Nash'sembedding
theorem [15], Narasimhanand Ramanan[16, 17] showed that for any U(n) or SO(n)
gauge�eld, onecanembedthe gauge�b er F in a trivial embedding�b er ~F of dimension
N � (2d+ 1)n3. The basisvectorsof the �b er F � ~F now are the orthonormal vectors
~e j

a , wherethe index j runs from 1 to N . The n basisvectorsea of F areeach N -vectors
~e j

a in the trivial �b er and spanan n-dimensionalsubspaceof ~F . The embeddingspace
may now be usedto expressthe projection operator

P j
k = ~e j

a ~ea
k (4.5)

and the metric

g�ab = ~e k
a ~e j

b � �kj = ~e�aj ~e j
b =

NX

j =1

~eaj ~ebj ; (4.6)

in which the bar denotesordinary complex conjugation. The quantit y � �j k may be
interpreted as a hermitian metric on a complexEuclideanembedding �b er.

Narasimhan and Ramanan based their embedding theorem on orthonormal ba-
sis vectors hea; ebi = � �j k ~e j

a ~e k
b = � �ab spanning an n-dimensional subspaceof an N -

dimensional embedding space. Any two choicesof real (complex) orthonormal basis
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vectorsmay be related by an orthogonal (unitary) transformation. This arbitrariness
in the choiceof basisvectorsis gaugeinvariance. For real or complexorthonormal basis
vectors, they showed that the resulting connectionand matter �elds have an SO(n)
or U(n) gaugesymmetry. The somewhatarti�cial constraint ~ea

j @� ~e j
a = 0 leadsto an

SU(n) gaugegroup.
The embedding ~e : F ! ~F is not unique, and so we do not provide a generalmap

(A � )a
b ! ~e j

a from the gauge�eld to the embeddedbasis vectors. The inversemap
(4.4) from the embeddedbasisvectorsto the gauge�eld is

(A � )a
b = i ~ea

j @� ~e j
b : (4.7)

Narasimhan and Ramanan have shown that this formula for the gauge �eld (A � )a
b

in terms of embedded orthonormal basis vectors is possible for every SO(n), U(n),
or SU(n) gauge�eld. The purposeof the embedding is to clarify the geometry and
mathematicsof the basisvectors.

In Riemannian gaugetheory, the basisvectors of the gauge�b er can completely
describe the intrinsic properties of the manifold such as the gauge�eld or connection
A � and the curvature tensor F�� of the gauge�b er. They alsocan describe quantities
that are not inherent to the gauge�b er geometry, such as the matter �elds.

Several physicists [16, 17, 18, 19, 20, 21, 22, 23] have described traditional gauge
theory in terms the orthonormal basisvectorsof a gauge�b er. Herewe insteadconsider
what changesarisewhen we start from Riemanniangaugetheory.

5. The Action

We construct the action for Riemanniangaugetheory to be assimilar aspossibleto the
action of generalrelativit y. We focus on writing the action in terms of inner products
on the gauge�b er, which is equivalent to contracting upper indiceswith lower indices.

Both in generalrelativit y and in Riemanniangaugetheory, the action of the matter
�eld is formed by inner products on the gauge�b er integrated over space-time,here
taken to be four dimensional. For spinlessbosonsthe action is

S� =
Z

d4x
p

� g [hD � �; D � � i � hm�; m� i ] ; (5.1)

and for fermions it is

S =
Z

d4x
p

� g
h
h ; i 
 0 
 � D �  i + h ; m i 
 0 i

i
: (5.2)

Both in generalrelativit y and in Riemanniangaugetheory, the action of the gauge
�elds measuresthe intrinsic Riemanniancurvature. In generalrelativit y, the curvature
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tensor (1.3) represents the change in a vector V due to parallel transport around a
loop. If the loop lies in the t � -t � plane, this changeis (V � V 0)� = dx� dx� R �

�� � V � .
The tensor R is the fundamental measureof intrinsic curvature. The action of general
relativit y

R
d4x

p
� gR�� � � g�� g� � is formed from the contracted curvature tensor. The

factor
p

� g is the squareroot of the determinant of the metric of the basemanifold.
In Riemannian gauge theory, the �eld-strength tensor (1.2) also represents the

change(� � � 0)a = � i dx� dx� F��
a
b�

b in a vector V due to parallel transport around a
loop. ThereforeF��

a
b measuresthe intrinsic curvature of the gauge�b er.

Both R and F measureintrinsic curvature, and their de�nitions (1.2) and (1.3)
are nearly identical. Suitably interpreted, the �eld-strength tensor F is the curvature
tensorR in a (4+ n)-dimensionalspace-timeof which n dimensionsare associated with
the gauge�b er:

R a
�� b = F��

a
b where

�; � : 1: : : 4
a;b : 5: : : 4 + n

: (5.3)

Here the rangeof each index is restricted to the appropriate vector bundle dimensions,
and the metric is formed by joining block diagonally the space-timemetric with the
gauge-�ber metric. Also we useonly the coordinates of the basemanifold to perform
integrationsand di�eren tiations; we call such coordinatestraversable. By construction,
the origins of the tangent bundle TxM and of the gaugevector bundle F jx are �xed.
The only manifold whosecoordinatescanbe traversedis the basespace-timemanifold.

The Ricci tensorand the curvature scalarcannot be formedfrom R a
�� b under these

conditions. In e�ect, becausethe metric components g�a vanish, both the Ricci tensor
R�� ab g� a and the curvature scalar R�� ab g� ag�b also vanish. To include in the action
a measureof the gauge-�ber curvature, we must use higher-order terms that do not
appear in generalrelativit y. The term

SG =
Z

d4x
p

� g
1

2q2 F��
a
bF

�� b
a: (5.4)

is the �rst gauge-invariant, Lorentz-invariant, higher-ordermeasureof curvature in the
gauge�b er that doesnot vanishdueto symmetriesor the block diagonalmetric. This is
a hint that the term R�� � � R�� � � may be a correction to the action of generalrelativit y.

The action of Riemanniangaugetheory, constructedas closelyas possibleto that
of general relativit y, is the traditional gauge-theoryaction S = SM + SG written in
terms of basis-independent expressions.

6. Implications of Riemannian Gauge Theory

6.1 Non-compact Gauge Groups

In section4, we mentioned that Narasimhanand Ramananhave shown that the choice
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of an orthonormal basishea; ebi = � �ab on the gauge�b er F jx leadsto an SO(n) or U(n)
gaugetheory. In Eqs. (5.1{5.4), we wrote the action of a generalRiemannian gauge
theory in terms of basis-independent quantities. A gaugetransformation is a changein
the choiceof basisvectorsusedto describe vectorsin the gauge�b er. Sincethe action
of Riemannian gaugetheory is independent of the choiceof basis,we can chooseany
linearly independent basisfor the gauge�b ersF = R n and F = Cn .

When the gaugebasisvectorsare allowed to be an arbitrary linearly independent
set, then the symmetry group of the �b er is GL(n; R) or GL(n; C), and not just SO(n)
or U(n). The action of Riemannian gaugetheory and the quantities that follow from
it are invariant under GL(n; R) or GL(n; C) gaugetransformations.

In traditional gaugetheory, oneincludesin the action every term that is renormal-
izable and gaugeinvariant In a traditional gaugetheory [25, 26] of the non-compact
group GL(n; C), the term

Sg = m2
Z

d4x
p

� g(D � g)a�b g
�bc (D � g)c �d g

�da (6.1)

occursbecauseit is invariant; it givesa massto the gaugebosonsassociated with the
non-compactgenerators. The physical content of this theory changes,however, when
it is interpreted asa Riemanniangaugetheory. In this case,aswe now show, the term
(6.1) vanishes;all the gaugebosonsare massless;and the onesassociated with the
non-compactgeneratorsare merely gaugeartifacts. The reasonis that the covariant
derivative of the gauge�b er metric [25, 26]

(D � g) �ab = @� g�ab � i (A � ) �c
�ag�cb + i g�ac (A � )c

b (6.2)

vanishesin Riemanniangaugetheory. For if we di�eren tiate the de�nition (4.6) of the
metric

@� g�ab = (@� ~e �j
�a ) ~eb�j + ~e �j

�a (@� ~eb�j ); (6.3)

and usethe metric to raiseand lower indices,e.g., ec
j gc�b�

j �k = e �k
�b , then with an appro-

priate complexconjugation, we �nd

@� g�ab = (@� ~e �j
�a ) ~e�c

�j g�cb + gc�a ~ec
j (@� ~e j

b ): (6.4)

Using the de�nition (4.7) of the gauge�eld, we seethat the covariant derivative of the
metric vanishes,(D � g) �ab = 0, and so the term (6.1) doesnot contribute to the action
of the Riemanniangaugetheory.

In summary, the action of Riemannian gaugetheory Eqs. (5.1 { 5.4) is basis in-
dependent. The choiceof non-orthonormal basisgivesa larger GL(n; R) or GL(n; C)
symmetry without adding the term (6.1) to the action.
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Freedman,Haagensen,Johnson, Latorre, and Lam [27, 28, 29] have studied the
Riemanniangaugetheory of the realgaugegroupsGL(3; R) andSO(3). They identi�ed
directions on the gauge�b er F = R 3 with spatial directions on the basemanifold.
This identi�cation is possiblebecausethe gauge�b er metric satis�es (D � g)ab = 0. The
resulting curved manifold represents the geometryof the gauge�b er.

The covariant derivative of the gauge�b er metric vanishesbecausethe gauge�eld
and the metric arede�ned in terms of basisvectors. This result is reminiscent of general
relativit y. There the covariant derivative of the space-timemetric vanishesbecausethe
connectioncoe�cien ts and the metric are de�ned in terms of tangent basisvectors.

6.2 Uniqueness of the Coupling Constan t

A traditional gaugetheory of a compact simple group has a unique coupling constant
and discretecharges(eigenvalues). However, a traditional gaugetheory of an abelian
group, which has no mathematical distinction betweenthe coupling constant and the
charges,can coupleto each �eld with a di�eren t coe�cien t in the covariant derivative.
Sothere is problem of chargequantization in the traditional gaugetheory of an abelian
group.

Riemanniangaugetheory o�ers a solution to this problem of traditional gaugethe-
ory. In the de�nition (4.3) of the covariant derivative, D � (� ) = ea (� a

b@� + ea(@� eb)) � b,
the relation (A � )b

a = i eb (@� ea) betweenthe gauge�eld and the basisvectorshas no
adjustable parameter even in the abelian case(A � )1

1 = i e1 (@� e1). This lack of an
adjustableparameteris expectedin the covariant derivative of an SU(n) gaugetheory,
but it is surprising in an abelian gaugetheory.

In U(1) gaugetheory, this lack of an adjustable parameter leadsto U(1) charge
quantization. Every matter-�eld vector � 1 e1 on the gauge�b er F coupleswith the same
coe�cien t. The result is strongerthan chargequantization, it is chargeuniqueness.The
uniquenessof the coupling in the covariant derivative arisesbecausethe matter �elds
are de�ned as vectors on a 
at gaugevector bundle and becausethe gauge-covariant
derivative is de�ned like the covariant derivative of Riemanniangeometry. Just as we
cannot choosethe coe�cien t of � �

�� , so too we cannot choosethe coe�cien t of A � .
A singleadjustableparameterfor a particular vectorbundleoccursasthe coe�cien t

of the �eld strength term q� 2Tr(F�� F �� ). This coe�cien t adjusts the energycost of
intrinsically curving the gauge�b er.

Wehaveshown that all matter �elds asvectorson a gaugevector bundlewill couple
in the covariant derivative with the samecoupling constant. This unique coupling
constant doesnot precludepositive and negative charges.Whenever onehas two self-
conjugate �elds � 1 and � 2 of the samemass, one may form the complex �eld � =
(1=

p
2)( � 1+ i� 2), which createsa particle and deletesits antiparticle; if the particle has
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chargeq, then the antiparticle hascharge� q. The particle and antiparticle correspond
to the two solutions D t � = � i ! � . Matter-�eld vectors � aea with opposite charges
rotate in opposite directions on the gauge�b er as time goesby. Localizedmatter-�eld
vectorswith opposite directions of rotation on a background curved gauge�b er of an
electromagnetic�eld acceleratein opposite spatial directions.

In Riemanniangaugetheory, the coupling in the covariant derivativeis independent
of the �eld for the samereasonthat in generalrelativit y the gravitational accelerationis
independent of the mass.The equivalenceprinciple entails that the manifold is every-
where locally 
at, and thereforethat every small neighborhood can be identi�ed with
a 
at tangent space. Just as the tangent vectors t � describing the tangent spacede-
termine the connection(3.3) of the covariant derivative by the relation � �

� � = t � (@� t � )
without an adjustable parameter, so too the basis vectors ea describing the gauge
�b er determine the connection(4.4) of the gauge-covariant derivative by the relation
(A � )a

b = iea(@� eb) without an adjustable parameter. The useof basisvectors to de-
scribe gauge�b ers generalizesthe equivalenceprinciple to gaugetheory.

6.3 Multiple U(1) Charges

The multiple, independent U(1) chargesmentioned in section1 can occur in Rieman-
nian gaugetheory, albeit unnaturally. Using the methods of section4, we create two
independent U(1) gauge�elds � iB � = b1(@� b1) and � iC � = c1(@� c1). The basisvectors
b1 andc1 arethe basisvectorsof two a priori independent 1-complex-dimensionalgauge
vector bundles,F (B ) and F (C). To get di�eren t chargesrelated to the samegauge�eld,
we needto constrain the intrinsic curvature of the two �b ers F (B ) and F (C) such that
the connectionsare related by B � =qB = C� =qC = A � . The geometry of two a priori
independent gauge�b ers has beenconstrainedand expressedin terms of the variable
A � . Matter �elds on F B couplewith the covariant derivative (@� � iqB A � ), and matter
�elds on F C couplewith the covariant derivative (@� � iqCA � ). Soby putting di�eren t
matter �elds on di�eren t �b ers,we may give them di�eren t charges.

But if all electrons,muons,and taus are represented by vectorson the samegauge
�b er, then they naturally havethe sameelectriccharge. ThusRiemanniangaugetheory
shifts the electricchargequantization problem. Insteadof wonderingwhy somany U(1)
matter �elds couplewith the samechargeqe, we ask: Why do the quark chargesdi�er
among themselvesand from the chargeof the electron? Why should matter �elds lie
on �b ers with curvatures that are related in peculiar ways? Grandly uni�ed theories
provide a natural way of constraining the curvature of di�eren t �b ers.

6.4 Grand Uni�cation

The SU(5) theory of Georgi and Glashow [5] demonstrateshow the curvature of dif-
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ferent one-complex-dimensional�b ers may be constrained to produce di�eren t U(1)
chargesin a theory of grand uni�cation.

We createa 5-complex-dimensionalvector bundle over space-timespannedby �v e
orthonormal basisvectorsea. Werestrict ea(@� ea) = 0 to makethe groupSU(5) instead
of U(5). The hyperchargegauge�eld B � is identi�ed with the gauge�eld proportional
to the diagonalgenerator� 24

� iB � = �
1
3

e1(@� e1) �
1
3

e2(@� e2) �
1
3

e3(@� e3) +
1
2

e4(@� e4) +
1
2

e5(@� e5): (6.5)

The matter-�eld covariant derivativeis still D � � = eb (� a
b@� + ea(@� eb)) � a, but only 1

3 of
the term e1(@� e1) is identi�ed ascoupling to the hyperchargeB � . This exampleshows
how SU(5) uni�cation constrains the curvature of di�eren t one-complex-dimensional
gauge�b ers so as to give di�eren t U(1) charges.

SinceRiemanniangaugetheory constrainsthe coupling in the covariant derivative,
the group U(n) may be usedin theoriesof grand uni�cation.

7. Conclusion

Gaugetheoriestraditionally havebeende�ned by transformation rulesfor �elds undera
symmetry group. All gauge-invariant, renormalizableterms are included in the action.
The resulting gaugetheorieshave many parallels with Riemannian geometry. In this
paper, we have constructed a gaugetheory basedupon Riemannian geometry, which
we have called Riemanniangaugetheory.

Drawn from generalrelativit y, the action of Riemanniangaugetheory in a partic-
ular gaugeis the action of traditional gaugetheory. To measurethe curvature of the
gauge�b er, it is necessaryto usea term that is quadratic in the curvature tensor. A
Riemanniangaugetheory with a U(n) or SO(n) gaugesymmetry is automatically in-
variant under the larger gaugegroup GL(n; C) or GL(n; R); no extra terms are needed
in the action.

Riemannian gaugetheory o�ers a solution to the problem of the quantization of
charge in abelian gaugetheories. The basisvectors ea describing the gauge�b er de-
termine the connection(4.4) of the gauge-covariant derivative by the relation (A � )a

b =
iea(@� eb) without an adjustable parameter.

Riemanniangaugetheory describesthe four forcesmoresymmetrically, enlargesthe
gaugegroup, and solvesthe problem of charge-quantization in abelian gaugetheories.
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