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Abstract
One can construct Majorana and Dirac fields from fields that are
only slightly more complicated than scalar fields.



Introduction

Some problems in quantum field theory are intrinsically difficult or
insoluble; We intend to shed no light on them. Others are solved and
pose few difficulties for students. There is, however, a class of solved
problems that consistently confuse students year after year. Among the
more prickly and more important of these is the construction of fields of
spin one-half.

Weinberg has written the clearest and most complete discussions
of this subject in his papers on massive [Weinberg, 1964a] and mass-
less [Weinberg, 1964b] fields of any spin and in his magnificent
books [Weinberg, 1995, Weinberg, 1996, Weinberg, 2000] on quantum
field theory. We follow his notation and show how to make Majorana and
Dirac fields out of simple scalar-like fields.
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A Scalar Field

First let’s recall the usual formula for a spin-zero field ¢(x)

[a(p)e™® + a'(p)e™ 7] . (1)

- / / (zdj;zpo

The annihilation and creation operators a(p) and a'(p) satisfy the
commutation relations

la(p),a’(p’)] = é(p—p)
[a(p),a(p’)] = 0
a'(p),a’(p’)] = O. (2)

They destroy and create spin-zero particles of mass m, momentum p,
and energy p° = /m? + p2.

These particles are their own anti-particles.

In our units, A =c=1.
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Gamma Matrices

Weinberg’s [Weinberg, 1995] choice of ~-matrices is

k__ 0 Ok o 0o __ 0 I
P = z(_ak 0 k=1,2,3, and ~° = —i Y (3)

They satisfy the anti-commutation relations
YA =20, (4)

in which the flat space-time metric is

1.0 0 0

s [0 100

T =1 0o o1 0 (5)
0 0 0 1

Under hermitian conjugation, they transform as (7*)" = +* and ()7 =

A0,
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A Scalar-like Field

For this choice of y-matrices, we may define Majorana and Dirac fields
in terms of the scalar-like field

o) = [ 5 e 1) A+ (G2 awe ] o

where A(p) and A*(p) are the 2-vectors

A(p) = ( “(p’?)) and  A%(p) = ( ‘“;“”52)) 7)

and the operators a(p,+%) and af(p,+3) satisfy the anti-commutation
relations

[a’(p7 0-)7 an( /7 O-/)]—l— — 50‘ o/ 5(p — p,)
[a(p,a),a( /70/)]+ 0
a’(p,0),a’(p’,0")]+ = 0 (8)

They destroy and create spin-one-half particles of mass m, momentum p,
spin one-half in the +z direction, and energy p° = \/m?2 + p2.
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These particles are their own anti-particles.

The 2 x 2 matrices I and o, are

1:((1) ?) and 02:((; _OZ> (9)

The scalar-like field ¢(x) is

23 (Z(p’ %2) _aTng(p’ _1%)
— p a\p, —3 eipac a ’ 9 e—z'pa:
Pla) = / 2,/ +m) || ap.3) A
\a(p, —3) —a'(p,3) o)

Fermi Fields without Tears 6



An equivalent formula for the scalar-like field ¢(x) is

e

(11)
in which the spinors u(o) and v(o) are
1 0
1 [0 1 1
u(l) = 1] u(—3) = o (12)
0 1
and
0 —1
1 1 1 0
—1 0

They are the spinors of zero momentum of the Majorana and Dirac fields.
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The Klein-Gordon Equation

In the definition (6) of the scalar-like field ¢(z), the energy p° is
vm?+p2, and so

m? +p* =m?* +p*— (p*)* = 0. (14)
Thus the scalar-like field ¢(x) satisfies the Klein-Gordon equation

(m? + 05 — V)d(x) = (m® —n""0u0p)¢()

= (m*+p°)p(x) = 0. (15)
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The Majorana Field

The Majorana field x(z) is obtained from derivatives of the scalar-like
field ¢(z):
x(x) = (m —v%9a)p(x). (16)

Because the scalar-like field ¢(x) satisfies the Klein-Gordon equation
15) and because the ~-matrices satisfy the anti-commutation relations
4), the Majorana field x(x) satisfies the Dirac equation:

—

—

(Y*0u +m) x(z) = (¥"0u +m)(m —~"0s) ()

m? — ~* bﬁ@b)¢()

m? — n*0,0y) ¢(z) = 0. (17)
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Spinors

It follows from Eqgs.(11] & [16) that the explicit form of the Majorana
field x(x) is

x(x) = (m—7"0.)0(z)

_ / d°p

B \/2 210)3p0(p0 + m)
< 3 [(m = 17p2) (@) a(,0)e™ + (m -+ 17"pe) v(o) ! (p. )e ™
/ d°p 3/2 u(p, o pr+v(p, o) T(p70.)e—ipa:] (18)

where the spinors u(p,o) and v(p,o) are

(m + 1y"pa) v(o)
V2p0(p° 4+ m)

<p7 ) ( _7’/7 pa) ( )

v/ 2p9(p° + m) (19)

and v(p,o) =
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The Dirac Field

Suppose there are two spin-one-half particles of the same mass m
described by the two operators ai(p,o) and as(p,o) which satisfy the
anti-commutation relations

lai(p, o), a;(Pla o))t = 0 500’53(13 - p). (20)

Then by following Egs.(6--{17) and defining two 2-vectors A;(p,o) as in
(7), we may construct two scalar-like fields

o) = [ (] ) Ao i (22 aitme | ()

2\/(27T)3p0 (pO 1 m) 09

and from them two Majorana fields

Xi(x) = (m —7%0a)¢i() (22)

that satisfy the Dirac equation

(7%0a + m) xi(x) = 0. (23)
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Anti-Particles

Because the two fields ¢;(x) are of the same mass, we may combine
them into a complex, scalar-like field

D () = %w z) + idn(2)]. (24)
The complex operators
a(p, o) = % a1(p, @) + iaz(p, ) (25)
and |
“(p.0) = = a(p.0) — iax(p.0), (26)

destroy particles that are each other’s anti-particles.
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From the complex 2-vectors

A(p) = % [A1(p) +i42(p)] = (fgi’_%) (27)
ne ey _ 1 B _( a(p;3)

A%p) = 5 [Aup) = idaP)] = | e L) (28)
with

we can make a complex, scalar-like field ®(x)

d(z) = / p KD A(p)e®® + i (‘02> AC*(p)e—W] . (30)

21/ (27m)*p°(p° + m) o2
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The Dirac Field
The Dirac field is then

(x) = (m—~%0.) ®(z)

a 1 .
= (”fln —7%04) 7 [91(z) + ida(x)]
= \ﬁ[xl(x) +ixa(z)] . (31)
It satisfies the Dirac equation
(7*0a +m) ¢(z) =0 (32)

because the Majorana fields y; and x» do. It follows from Eqgs.(18, [30, &

31) that the explicit form of the Dirac field is

6w) = [ G 3 [u(p.o) alp.0)e™ + o(p.0) (o) ] (33

where the spinors are the same as for the Majorana field, Eq.(19).
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Other Conventions

We have defined Majorana and Dirac fields in terms of Weinberg’s
choice of ~v-matrices. If one uses a different set of ~-matrices

7"’/ = Sy2S~ 1 (34)
then the fields should be multiplied from the left by the matrix S:

P'(z) =SP(x), ¢'(x)=8¢(x), ete (35)
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Very Light Fermions

In the m — 0 limit, it follows from their formulas (19) that the spinors
u(p,o) and v(p,o) for p=pz are

(7" =7) u(0,3) = v2

N
N—"
I

i
V2

o O O O
o O O O
SO = O

(36)

O = O O
OO OO
OO OO
oo R, O
O = O
O OO
N~ O~ O O

. (37)

<
N
=
N>
|
N —
N—"
I
o O = O
-
N
i
N>
N —
N—"
I
|
o O = O
&
-
N
)
N>
|
N|—
N——"
I
|
_ O O

0

So the upper (lower) two components of a Majorana or Dirac field (the

(,0) ((0,—2)) part) can only destroy particles of helicity —1 (+3).
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Neutrinos

The upper two components of a Majorana field (the (%,O) part) can

only create particles of helicity +— The lower two components of a
Majorana field (the (0, ——) part) can only create particles of helicity —=
The upper two components of a Dirac field (the (%,0) part) can only
create antiparticles of helicity + The lower two components of a Dirac
field (the (0, ——) part) can only create antiparticles of helicity —=

The Standard Muddle represents neutrinos by fields with only the upper
two components (the (1,0) part). Nobody knows whether these fields are

29
Majorana or Dirac.

If Majorana, then the neutrino field uses u(pz —2)a(pz,—1) to destroy
1

neutrmos of helicity —1 and uses v(pz,%)a'(pz,3) to create neutrinos of

helicity 1 5. The hermitian adjoint of that fleld creates neutrinos of helicity
1

—3 and destroys neutrinos of helicity 3 1

If Dirac, then the neutrmo field uses wu(pz, ——) a(pz,—3) to destroy

neutrinos of hel1c1ty —2 and uses v(pz,3)a“’(pz,5) to create antineutrinos

of helicity 1 5- The hermltlan adjoint of that f1eld creates neutrinos of

1

helicity —5 and destroys antineutrinos of helicity %
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